The accuracy of attitude determination plays a key role in the improvement of surveying and mapping accuracy for high-resolution remote-sensing satellites, and it is a bottleneck in large-scale satellite topographical mapping. As the on-board energy is constrained and the performance of an attitude-measurement device is limited, the attitude acquired is discretely sampled with a settled time interval. The larger the interval, the easier the data transmission, and the more deviation the attitude data will have. Meanwhile, several kinds of jitter frequencies have been detected in satellite platforms. This paper presents a novel attitude modelling (AttModel) method that sufficiently considers the discrete and periodic characteristics, and the attitude model built is continuous and consists of several inherent waves of different frequencies. The process of modelling includes two steps: (a) frequency detection, which uses raw gyroscope data within a period of time to detect the attitude frequencies (as the gyroscope data can actually reflect continuous, very small changes of the satellite platform), and (b) attitude modelling , which processes the attitude data that was filtered by extended Kalman filtering based on general polynomial and trigonometric polynomials, and these trigonometric polynomials are rebuilt by those frequencies detected in the first part of the modelling process. Finally, one experiment designed for verifying the effectiveness of the presented method shows that the AttModel method can reach a slightly better pointing accuracy without groundcontrol points than traditional attitude-interpolation methods.
INTRODUCTION
As more and more high-resolution remote-sensing satellites will be launched in the coming years, the accuracy of attitude determination will be a key point in expanding the application of satellites to the fields of surveying and mapping. Most remote-sensing satellites are equipped with star trackers and gyroscopes, which are recognized as providing the highest achievable accuracy (Tang, 2015) . As the on-board energy is constrained and the performance of an attitude-measurement device is limited, the attitude data acquired are discretely sampled with a settled time interval. When the attitude between two adjacent discrete attitudes is required, traditionally two main types of methods can be used to obtain it (Shin, 1997) . The first is the interpolation method, which uses several adjacent attitude data points around the point that needs to be calculated. The common interpolation methods include Lagrange's interpolation, cubic spline interpolation, and quaternions spherical linear interpolation (Slerp). The interpolation methods mentioned are those that are primarily used, and the Slerp could achieve the highest accuracy among them. The second method is fitting, which uses all or most of the attitude data measured within a period of time. Common fitting methods include general polynomial curve fitting and trigonometric polynomial curve fitting. A satellite equipped with low-precision attitude-measurement device will adopt this method, and general polynomial curve fitting is more commonly used than trigonometric polynomial curve fitting in the determination of satellite attitude. Compared to the abovementioned two methods, the attitude accuracy obtained may be affected by surrounding data and the time sampling interval in the interpolation method, and the accuracy cannot fit the periodic and high-frequency attitude change in the fitting method.
Considering different frequencies, attitude jitter has been detected in some remote-sensing satellites, such as the ZY-3 satellite with 0.67-Hz jitter, ASTER with 1.6 Hz, and Landsat-4 with 2 Hz (Amberg, 2013 ) (Tong, 2015 (Avouac, 2006) (Jiang, 2014) ; these different-frequency jitters may affect the attitude accuracy when the data obtained using a traditional method is between two discrete attitude values. In this paper, we present a novel attitude modelling (AttModel) method, which takes sufficient advantage of periodic changes in attitude data. The method presented includes two steps: (a) attitude analysis in the frequency domain, and (b) attitude modelling with a polynomial.
Step (a) primarily obtains the inherent frequency of satellite attitude, also called the frequency window, according to the analysis of raw gyroscope data by fast Fourier transform (FFT) (John, 2006) , since the gyroscope records continuous change in the satellite platform, and this continuous change could reflect obvious periodicity in the frequency domain.
Step (b) models the attitude by polynomial and trigonometric fitting; the trigonometric fitting is based on frequency window. After the above two steps, we obtain a hybrid polynomial combined with several time polynomials and several trigonometric polynomials with different frequencies.
ATTITUDE-MODELING METHOD
Considering the discreteness and periodicity of attitude data, we propose applying a new method to overcome the two characteristics (Tang, 2012) . To that end, this paper presents a novel attitude-modelling (AttModel) method for building a continuous attitude model based on the inherent frequency of a satellite platform.
For the reasons that the bandwidth of the signal transform channel is narrow and the performance of attitude-measurement system is limited, attitude data must be acquired at a certain frequency. When the frequency is low, the time interval of attitude data will be so large that it will reduce the amount of data, but that is more likely to cause low attitude precision. However, a small time interval will produce a large amount of data, and the attitude-acquirement device may not meet performance requirements that sampling in a high-frequency.
The AttModel, to some extent, could alleviate the above problems; it includes two parts: (1) analysis of attitude in the frequency domain, and (2) modelling of attitude in the time domain. In the first part, we apply the raw gyroscope data to perform the analysis. The main reason is that gyroscopes record the continuous and tiny changes in satellite platform attitude. These periodic elements of attitude will be detected by the FFT in the frequency domain. These elements can be regarded as the inherent frequencies of the satellite platform. The second part of AttModel will model the satellite attitude based on these periodic elements, which are reflected at several specific frequencies. These frequencies can be acquired for any attitude by the first part of the AttModel. [The attitude, which is processed by extended Kalman filtering (EKF) of raw gyroscopic and star sensor data (Tang, 2015) , could include any amount of data; the amount is commonly more than 1000. For example, for ZY-3, approximately 8 min of data recording results in an amount of 1920.] The attitude frequencies can be constrained by these inherent frequencies. Lastly, we obtain these inherent frequencies and eliminate other frequencies, and apply the trigonometric and polynomial functions to rebuild the attitude. The entire algorithm is diagrammed in Figure 1 . 
Analysis
A Fourier transform is a mathematical tool used in signal analysis, which relates time and frequency very well. A Fourier transform expressed as a mathematical formula as follows (John, 2006) :
where   f t is the spatial domain value,   F u is its value in the frequency domain, t is time, u is frequency, and j is an imaginary coefficient of a complex.
We find that a frequency spectrum reflects the proportionality of different frequencies via a Fourier transform according to the analysis of gyroscopic data. Therefore, we find the attitude frequency window   gyro F u according to the frequency spectrum.
Modelling
As shown in Figure 1 , the modelling process primarily includes four parts: polynomial fitting, frequency analysis, trigonometric fitting, and modelling. The polynomial fitting restrains the influence of a general constant value, and its mathematical formula is
is an independent variable, n is the order of the polynomial, and   f x is a dependent variable.
After polynomial fitting, we obtain the polynomial part   
  gyro F u is the frequency window, and is the intersection operation between them.
After obtaining   model F u , we use a trigonometric function to invoke the inverse Fourier transform process that will transfer the frequency data to continuous data in the spatial domain. This process mainly relies on the compound and decomposition theory of a Fourier transform (John, 2006) . The process is After calculating formulas (1)-(4), we complete the entire calculation process, and obtain the model by formulas (2) and (4) as follows:
where   Att t is the continuous model, t is time, and the other parameters are defined as in formulas (2) and (4).
The continuous model

 
Att t includes the linear components   poly f t and the period components   cos f t , and the interpolation model is continuous.
EXPERIMENT AND ANALYSIS
In order to make a comprehensive evaluation of the algorithm, we designed an experimental scheme to facilitate comparison of the AttModel to traditional methods, specifically polynomial interpolation and Slerp.
We apply the three methods to the acquisition of attitude values in a certain time period, and factor the respective attitude values into the geometric location process via a rigorous satellite imaging model. The imaging model is calibrated with both The International Archives of the Photogrammetry, Remote Sensing and Spatial Information Sciences, Volume XLII-1/ W1, 2017 ISPRS Hannover Workshop: HRIGI 17 -CMRT 17 -ISA 17 -EuroCOW 17, 6-9 June 2017 interior and exterior elements. By comparing the accuracy of the resulting geometric location computed by the three methods, we determine the effectiveness of the proposed method (AttModel).
Experimental data
We applied attitude data for the ZY-3 satellite, launched on January 9, 2012; ZY-3 is China's first civilian high-resolution stereo surveying and mapping satellite (Tang, 2015) (Tang, 2012) . We randomly selected image stripe data, and the orbit ID is 00381. There are 2188 discrete attitude values in that stripe. The time interval of adjacent discrete data is 0.25 s. The acquisition time ranges from 97499270.07 to 97499816.82 s. Scan area 00381 is shown in Figure 2 . The attitude data in the orbital coordinate system can better express satellite platform attitude changes, and the attitude data, filtered by gyroscopic and star-tracker data, are plotted in Figure 3 . As the attitude data were acquired in initial stage of satellite onboard (February, 2012), we apply the gyroscope data, which mainly include March, April and May of 2012
Detection and analysis
We obtained the frequency distribution spectrum of the attitude data from analysis of the three-axis, raw gyroscopic data. There are four groups of gyroscopes on the ZY-3 satellite platform, and each group includes three gyroscopes in three orthogonal axes. We apply the gyroscopic data measured by the first group of gyroscopes, GYRO-1, GYRO-3, and GYRO-5, to analyze the attitude, and obtain the frequency spectra shown in Figure 4 . We obtain the frequency windows by analyzing the frequency spectra. The majority of satellite platform jitter is displayed in the attitude frequency spectrum. Considering that the sample frequency of the attitude-measurement system of ZY-3 is 4 Hz, jitter measuring less than 2 Hz can be detected by frequency analysis (John, 2006) . In addition, since low-frequencies probably cannot be detected, and have a large amplitude, their contribution to the attitude information should not be ignored. Lastly, we set the frequency windows as 0-0.3, 0.56-0.7, and 1.12-1.14 Hz.
We obtain the frequency windows by analyzing the attitude frequency spectra, and apply them to the attitude data. Letting the frequency windows process the attitude frequencies to obtain effective values in the frequency domain, we plot the window frequencies in Figure 5 . The International Archives of the Photogrammetry, Remote Sensing and Spatial Information Sciences, Volume XLII-1/ W1, 2017 ISPRS Hannover Workshop: HRIGI 17 -CMRT 17 -ISA 17 -EuroCOW 17, 6-9 June 2017 Figures 5(a), 5(b), and 5(c) show the three-axis frequency distribution and corresponding frequency windows for roll, pitch, and yaw, respectively. These figures show that the frequency distribution is mainly concentrated in three frequency windows: 0-0.3, 0.56-0.7, and 1.12-1.14 Hz. These results verify that satellite platform jitter exists and the result of gyroscopic frequency analysis is true. Thus, the AttModel we have designed is feasible in theory.
Verification and analysis
In order to conduct an absolute evaluation of AttModel, we randomly chose ten continuous scenes of remote-sensing images in the stripe and six corresponding ground-control points (GCPs) (uniform distribution) to verify the accuracy. The images were already processed by radiation correction and their quality met production requirements. The GCPs are measured by continuously operating reference station (CORS) technology by use of GPS equipment, and their precision is better than 5 cm.
The location results for three methods (AttModel, polynomial, and Slerp) in the longitudinal, latitudinal, and elevation directions are shown in Figure 6 . The rough location accuracy can be seen in Figure 6 ; the quantitative location results are listed in Table 1 . We find that the location accuracy of the AttModel method is superior to the polynomial method and slightly superior to the Slerp method based on the results of the above-described tests in different directions.
CONCLUSION
In this paper, we have presented a novel satellite attitudeinterpolation method denoted AttModel, and its location accuracy has been verified by experiment based on ZY-3 satellite attitude data. Compared to traditional methods such as polynomial fitting and Slerp, the AttModel exhibits higher precision and robustness. This paper offers an alternative attitude-interpolation method for high-resolution remotesensing satellite locations that could be optimized through the refinement of frequency windows and of the characteristics of the attitude data. 
